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Computer Simulation of Chains in Dilute Solution. Crossover 
from 8 to Good Solvent Behavior 
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ABSTRACT: Monte Carlo calculations are reported on isolated chains of various lengths up to 299 units 
as a functian of temperature. The purpose of this investigation is to look for evidence for “thermal blobs” 
as postulated in the renormalization approach to chain statistics. By calculating the expansion factor for 
short internal sequences of monomers, we find more expansion than would be predicted from application 
of the blob theory. This effect is shown to be due to repulsive interactions between the internal sequence 
of monomers and the rest of the chain. This effect, however, does not influence the exponents predicted by 
the blob theory for the overall dimensions of the chain. The Monte Carlo simulations are performed by using 
an extension of the “reptating” sampling technique of Wall, generalized to include an attractive potential. 

In this investigation Monte Carlo simulations are per- 
formed on an isolated polymer chain as a function of 
temperature (or equivalently solvent quality). The purpose 
of this work is to check the validity of the blob concept1 
as a model for the crossover in chain statistics from good 
to poor solvent behavior.2 

Monte Carlo calculations have previously been carried 
out by McCrackin, Mazur, and G~t tman .~+*  These inves- 
tigators computed the mean square end-to-end distance 
(9) and radius of gyration (2) as a function of temper- 
ature. The solvent is accounted for by varying the mag- 
nitude of the nearest-neighbor attractive energy of a 
polymer chain on a lattice. It was found that both ( r 2 )  
and (s2) were proportional to NT, where N is the number 
of chain units. Over the range of N studied (20 I N I 
2000), the exponent y varied continuously from 6 / 5  in a 
good solvent to 1 at  the 0 point. In this investigation, 
calculations were performed on a simple cubic lattice 
identical with that of McCrackin et al., but with a sampling 
procedure similar to that developed by Wall and co- 
w o r k e r ~ . ~  For simplicity, all internal rotational energy 
states are taken to be equal. Unlike previous investiga- 
tions, we establish the statistical properties of the internal 
parts of the chain, as well as the end-to-end distance, by 
Monte Carlo simulation. This information is used to de- 
termine if the “thermal blob” theory can be applied to 
internal sequences of segments within a chain. 

In the simplest form of the blob theory, sequences of m 
monomers are presumed ideal for m < N,, where N ,  is a 
critical degree of polymerization which defines a blob. The 
overall chain of N monomers is then represented as a chain 
of N / N ,  renormalized monomers, or blobs. The temper- 
ature dependence of the chain expansion depends entirely 
on the temperature dependence of N,. This theory has 
been checked by Farnoux’ et al., who examined the angle 
dependence of the static structure factor obtained by 
small-angle neutron scattering. These results indicated 
that short sequences showed ideal statistics as assumed 
in the blob theory. The neutron data, however, were 
necessarily analyzPd at  large scattering angles where the 
intensity is low and where background aorrections com- 
promise the data. 

Computer simulation provides an alternate method to 
examine short sequences which is not subject to the lim- 
itation of neutron scattering. Although simulation is just 
the real-space analogue of the Farnoux et al. neutron work, 
simulation is not subject to background problems and also 
permits analysis of a system with an exactly specified pair 
potential. In what :follows, therefore, we examine the 
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statistical properties of internal sequences and compare 
the results to blob theory. The results show that the re- 
normalization approach severely underestimates the 
swelling of short segments. 
Monte Carlo Method 

A polymer plus solvent system constrained to lattice is 
equivalent to the polymer molecules alone on the lattice 
with a nearest-neighbor attractive energy.31~1~ This energy 
e is the difference of the pair interaction between like and 
unlike species. That is 

€ = €11 + €00 - 2t10 (1) 
where ell, E @ ,  and col are the polymer-polymer, solvent- 
solvent and solvent-polymer interactions, respectively. 
McCrackin and co-workers3v4 have shown that as E changes 
from 0 to some finite value, the polymer chain contracts 
in a manner characteristic of the crossover from a good to 
0 solvent. This method is used in the present study. 

The polymer chain configuration is sampled on the 
lattice with a “slithering snake” or reptating motion used 
in simulations by Wall and co -~orke r s .~  With this sam- 
pling method, either end of the chain is moved to an ad- 
jacent lattice point and the rest of the chain follows behind 
in a snakelike fashion. To a good approximation this 
technique efficiently and uniformly samples configuration 
space. Although the method is approximate due to 
“double cul-de-~acs”,~J these trapped configurations rep- 
resent a negligible effect. 

In previous applications of the slithering-snake sampling 
procedure, the chain interactions were hard sphere in 
nature. In this work we generalize the procedure to include 
nearest-neighbor attractive potentials, using the Metrop- 
0lis~9~ algorithm for accepting new configurations. The 
procedure consists of the following steps: 

1. The chain is initially put in some arbitrary configu- 
ration. 

2. Either the 1st or Nth segment is moved to a randomly 
chosen adjacent lattice point with the rest of the chain 
following behind. 

3. If this lattice position is occupied by another chain 
segment, the chain is moved back to its previous position, 
and the opposite end of the chain is moved according to 
step 2. 

4. If the energy of the new configuration is less than the 
energy of the old configuration, the new configuration is 
accepted, and the same end of the chain is moved ac- 
cording to step 2. 

5. If the energy E2 of the new configuration is greater 
than the energy El of the previous configuration, then a 
random number R (0 I R I 1) is chosen. a. If R < exp(El 
- E2), then the new configuration is accepted and the same 
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Figure 1. Comparison of the mean square end-to-end distance 
(?) (as a function of chain length N) obtained in this investigation 
(points) and the work of McCrackin4 et al. (lines). The results 
are shown for three different values of solvent quality 4 (or 
temperature). For clarity, the ordinate is shifted by an arbitrary 
constant A shown for each line. 

end of the chain is moved according to step 2. b. If R > 
exp(El - E2), then the chain is moved back to the previous 
configuration and the opposite end of the chain is moved 
according to step 2. 

6. Some observable property of interest Xi is computed 
for this ith configuration. 

Steps 2-6 are repeated a large number of times (M) and 
the observable quantity of interest is averaged according 
to 

M 

i = l  
( X )  = M - l c x i  (2) 

It can be showng that this procedure leads to configurations 
with a probability proportional to the Boltzmann factor 
exp(-Ei/kT) after a large number of iterations. 

As a check on the validity of the sampling procedure, 
we compared our values of mean square end-to-end dis- 
tance on a simple cubic lattice with the results of 
McCrackin and co-workers, who used a different Monte 
Carlo technique. The results are shown in Figure 1 for 
three values of 4 = c/kT. It can be seen that there is good 
agreement between the two methods. 
Crossover. Comparison of Monte Carlo Results 
with the Blob Model 

A. Blob Model. It is well established that for finite 
chains in a good solvent, the mean square end-to-end 
distance (r2)  and the radius of gyration (s2) are propor- 
tional to NT, where N is the degree of polymerization and 
y N 6 / 5 .  As the temperature is lowered, y decreases and 
becomes equal to 1 at  the 8 temperature. As indicated 
above, the blob model accounts for the temperature de- 
pendence of ( r2) through a single parameter N,, the degree 
of polymerization of a blob. Since the chain is presumed 
ideal for sequences less than N,, the mean blob radius 6, 
is given by the random-flight result 

where a is the monomer size. This equation can be im- 
proved by using perturbation theory within the blob. The 
end-to-end distance then follows since the renormalized 
chain is a sequence of blobs of radius E, with full excluded 
volume between blobs. That is 

(4) 
where N / N ,  is the number of blobs in the chain. The 
expansion factor CY follows directly: 

E r 2  = N,a2 (3) 

( r2)  = 4,2(N/NJ6I5 = N;1/5a2P15 
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Figure 2. Schematic drawing of a polymer chain showing an 
internal sequence of m = j - i monomers. Also shown is the 
representation of the behavior of the internal expansion factor 
a, as a function of m. Note an abrupt change in slope (idealized 
theory) at m = N,, where N ,  is the number of monomers per blob. 
The concave dashed line is the result expected if perturbation 
theory is assumed to apply inside the blob. 

In a good solvent (T >> 8) N ,  - 1 whereas in a poor 
solvent (T - e), N ,  - N. Thus, the blob varies from one 
monomer under good-solvent conditions to the entire chain 
at the 8 temperature. 

B. Monte Carlo Results. The existence of blobs can 
be established from analysis of the internal chain con- 
formation. Let us define an internal average ( rmz) which 
can be evaluated from Monte Carlo calculations. ( rm2) is 
defined as the mean square distance of a sequence of rn 
monomer units along the chain (see Figure 2). This av- 
erage is computed from 

N-m+l 

i = l  
( rm2)  = ( N  - m + 11-l C (qifm2) (6) 

where ( rii+m2) is the mean square distance between points 
i and i + m on the chain. We can then define an internal 
expansion factor a, 

a m 2  = ( r m 2 ) / ( r m 2 ) o  (7) 

where (rm2),, is the value for an ideal chain with no ex- 
cluded volume ((r,2)o is known exactly for the simple cubic 
lattice used herelo). If the blob model is taken literally, 
then a plot of log am2 vs. log m would be expected to show 
an abrubt change in behavior from a line of slope zero to 
a line of slope 1/5 at m = N,, as shown in Figure 2. If one 
relaxes the assumptions so that within the blob the average 
size is given by simple perturbation theory, rather than 
being completely ideal, then one would expect a gradual 
change in slope from zero to with a concave up line 
shown in Figure 2 (see Appendix). In either case, short 
sequences should show properties approaching those of a 
Gaussian chain. 

In this investigation we computed am2 from Monte Carlo 
calculations as a function of m for chains up to 299 units 
in length. These results are shown in Figure 3 for chains 
of 299 units. It can be seen that for temperatures above 
the 8 temperature4 (c/kT < 0.28), the plot shows a concave 
down shape. This is opposite to the behavior we would 
expect on the basis of the blob model. The dashed lines 
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where w(r )  is the pair potential. For a chain of N units, 
the internal expansion factor a, and the end-to-end ex- 
pansion factor a can be written to first order as1' 

d= l+ - - ( - )  G,3 3 3/2 (2)+o(;>' u (9) N 23T 

The terms G1, Gz, and G3 are 
N-m+l 

G, = (N - m + l)-l E f k l ( " ) ( K  - 1)-5/2 (11) 
j=1 k>l 

n = 1, 2, 3 

f k l  is shown in Table I along with a schematic represen- 
tation of each of the G,. In the diagrams shown in this 
table, the horizontal line refers to the polymer chain, 
whereas the curved line connects two portions of the chain 
which are interacting. The filled circles represent the 
internal portion of the chain for which the expansion factor 
is desired. Note that u/a3 is assumed to be the same in 
eq 9 and 10. It can be seen from eq 9 and 10 and Table 
I that am involves additional sums G1 and Gz which do not 
appear in a. These terms involve interactions between 
chain segments other than the internal sequence of m 
monomers. If we are above but close to the 8 point, 
first-order perturbation theory is assumed to be valid and 
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Table I 
Coefficients G, in Equations 9 and 10 

schematic 
n fkl@) range of k and 1 representation 

-0- 
1 k - j  O < l < j  

j < k < j + m  
f / k ( / + m l  

2 m  O < l < j  
j + m < k < N  

4 

0 0.2 0.9 0.6 0.8 1 
m/N 

Figure 4. A comparison of the Monte Carlo and theoretical 
predictions of relative expansion of chains of 299 units, at various 
values of 4 = t /kT,  as a function of internal sequence length. The 
theoretical predictions are based on first-order perturbation theory. 
The exact result is obtained from eq 11 and 12 and the analytical 
result from eq 13. 

eq 9 and 10 can be combined to yield the ratio (setting N 
= m in eq 9) 

Note that a now refers to the end-to-end expansion factor 
for a chain of m units. F(m/N)  then represents the effect 
of the extra interactions on the internal chain conforma- 
tion. This quantity is independent of temperature. The 
G functions in eq 11 can be summed numerically for finite 
Nor can be evaluated analytically for large m and N. The 
analytical result for eq 12 can be obtained by integrating 
the equations by Chikahisa and TanakalZ to yield 

16 5 
3 3  

- (1 - 6)5/2] - - + -61/2 + 6 + 

%J3l2 - a2} (13) 
15 

N > > 1  6 = m / N > O  

The ratio in eq 1 2  was obtained from the Monte Carlo 
results and is plotted in Figure 4 for 299 unit chains. Also 
plotted in the figure is the exact result from eq 11 and the 
approximate analytical result, eq 13. It can be seen that 
perturbation theory is in qualitative agreement with the 
Monte Carlo calculations. As expected, the closest 
agreement is a t  4 = 0.250 which is slightly above the es- 
timated 8 point of 4 = 0.28. As the temperature is in- 
creased (or 4 = t/kT decreased), the ratio F decreases for 
fixed 6. The reason for this decrease is probably the 
breakdown of first-order perturbation theory as one moves 
away from the 8 point. 

It appears that the expansion of internal parts of the 
chain is responsible for the concave downward curves in 
Figure 4. This expansion of internal sequences of a chain 
has been pointed out beforel' and depends on the position 
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along the chain as well as the sequence length m. Fur- 
thermore, this effect does not disappear as N - 03. Thus 
one cannot rigorously equate the blob size [ with the 
end-to-end distance of a chain of N, units as shown in eq 
3, since the blob size itself depends upon the interactions 
between blobs. This interaction can be incorporated into 
the blob model by writing eq 12 as 

am2 = a2 + (a2 - 1)F(m/N) (14) 
Where first-order perturbation theory applies, F can be 
found from eq 13. We can now write the blob size [, in 
eq 3, using eq 13 and perturbation theory 
t 2  = 
4, 

NTaz{l + [ 1 + F( %)I:( $)3’2( :).:I2 + ...) 
(15) 

The mean square end-to-end distance then becomes 

IfF(N,/N) = O(l), which is suggested by the Monte Carlo 
results in Figure 4 and eq 13, then the crossover behavior 
in eq 16 is essentially the same as the simple theory in eq 
4 but modified by a temperature-dependent coefficient. 
In this modified blob model, the renormalization concept 
applies except that conformation within a blob is far from 
ideal. 

Conclusions 
We have used simulation data to illustrate the limita- 

tions of the blob approach to polymer statistics. Analysis 
of the internal configuration of the chain indicates that 
the simple blob concept employs an approximation which 
is inconsistent with the observed swelling of short chain 
segments. If the blob model is made more realistic, how- 
ever, by incorporating the internal segment expansion 
effect as in eq 16, the predictions for overall chain di- 
mensions are essentially proportional to the simplified 
theory in eq 4 for large N. 

Comparison of the results obtained here with laboratory 
data on real systems suggests general agreement with some 
exceptions. Han and A k c a ~ u , ~ ~ J ~  for example, have ana- 
lyzed large amounts of data on radius of gyration, diffusion, 
and viscosity and have found general agreement with the 
blob concept. This agreement, however, is not inconsistent 
with the conclusions drawn here since none of the data 
analyzed by Han and Akcasu are directly related to the 
properties of internal segments. The only direct experi- 
mental test of the blob concept is the neutron scattering 
experiments of Farnoux’ et al. Their data are consistent 
with the blob concept but not with the results presented 
here. This discrepancy may be due to difficulties in the 
analysis of neutron data far out in the wings of the 
structure factor. 

These simulations suggest that further analysis, both 
experimental and theoretical, is necessary before definitive 
conclusions can be reached on the single-chain problem. 
In particular, experimental data on the conformation of 
internal sequences would be very helpful. Such data could 
be obtained by small-angle neutron scattering if portions 
within a chain were deuterium tagged. 

In the work presented here, perturbation theory was 
used to qualitatively show why internal portions of the 
chain would be expected to expand due to interactions with 
the rest of the chain. It should be pointed out, however, 

that there is evidence which suggests that conventional 
perturbation theory2 is not completely correct since it does 
not include third- and higher order virial c~efficienta.’~’~ 
These higher order terms are thought to be significant in 
the region of the 8 point. 
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Appendix. Qualitative Dependence of ( rm2) on rn 
from Blob Theory 

Blob theory can be generalized by allowing the config- 
uration inside the blobs to be given by perturbation theory, 
considering the chain within the blob to be isolated. Thus 
for m < N, we can write to third order2 

a2 = 1 + 1.3332 - 2 . 0 7 5 ~ ~  + 6 . 4 5 9 ~ ~  + ... (Al)  
where the expansion parameter z is given by 

with the binary cluster integral u defined in eq 8. The 
number of chain units per blob, N,, can now be defined 
as the maximum m for which eq A1 converges. This leads 
one to define N, approximately as20 

N, - ( ~ ~ / u ) ~  (A3) 
This now allows us to write 

for m/N, < 1 

For m larger than N, the blob theory assumes that the 
Flory mean field theory is valid.2 This can also be written 
in terms of N, 

a2 = (m/N,)1/5 (A51 
for m/N, >> 1 

Equation A4 is plotted in Figure 2 for m < O.lN,, the 
estimated limit of the third-order perturbation theory. 
Likewise eq A5 is also plotted in Figure 2 for m > lON,. 
The intermediate range 0.1 < m/N, < 10 is uncertain since 
sufficient terms in eq A4 are not known and eq A5 is not 
valid near m/N, = 1. We anticipate, however, that a2 is 
a monotonic function of m N,. This leads us to the con- 

be concave up to be consistent with the blob theory. In 
the intermediate range, the curve is schematically shown 
in Figure 2. 
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ABSTRACT: Stable colloidal dispersions of red, amorphous selenium have been prepared by the reduction 
of selenious acid in dilute aqueous solutions of hydrazonium polyacrylate. The initially formed particles average 
1000-1200 8, in diameter. These particles can be grown by adding hydrazine and selenious acid in a cyclical 
fashion. Reduction of selenious acid in a control system in which hydrazonium propionate was substituted 
for the hydrazonium polyacrylate yielded a flocculent precipitate of amorphous selenium. The formation 
of the stable colloidal dispersion in the presence of the functional polymer can be understood in terms of 
a locus control formalism, which views the discrete polymer molecules as loci (submicroscopic reaction vessels) 
to which the reaction is restricted. Stable colloidal dispersions are then obtained because stabilization occurs 
in the same volume element in which the particle is nucleated. Hydrazonium salts of acrylic acid copolymers 
and other polyacids can also be utilized in the preparation of stable colloidal selenium dispersions. 

Polymer-bound reagents and macromolecular catalysts 
have been extensively utilized in the synthesis of poly- 

catalysis of acyl t r a n ~ f e r , ~  and numerous or- 
ganic synthe~es.~-l Most often, these reactions have in- 
volved functionalized, cross-linked, styrene-divinylbenzene 
resins. There are a few instances, however, where soluble 
macromolecules have been e m p l ~ y e d . ~ ! ~  In this paper, we 
report the preparation of stable colloidal dispersions of red 
amorphous selenium with hydrazine, bound as hydrazo- 
nium ion, to soluble polyacids. The range of chemical 
processes for which macromolecular reagents are useful has 
thus been expanded to include the formation of colloidal 
sols. 

Selenium has been of great importance as a photocon- 
ductive materialeg Accordingly, it is useful to be able to 
prepare colloidal dispersions of elemental selenium and 
to control their particle size and size distribution. 

Watillon and DauchotlO prepared monodisperse sele- 
nium particles by an elaborate procedure in which selen- 
ious acid was reduced in the presence of colloidal gold sols. 
The gold particles served as nuclei for the selenium par- 
ticles. The resultant dispersions were quite dilute, having 
a volume fraction in selenium of iO-5-i04. 

The reduction of selenious acid with a functionalized 
polymer is a simple process through which fairly concen- 
trated monodisperse selenium sols can be prepared. A 
typical dispersion is shown in Figure 1. 

We have adopted the term locus control to describe our 
system in which functional macromolecules in solution act 
to generate a high concentration of insoluble atoms or 
molecules in their domain. At the submicron level, a 
locally supersaturated condition is thus created which 
effectively restricts particle nucleation to the domain of 
the polymer molecule. The idea of the locus control for- 
malism is described in Scheme I. If one has a system in 
which there exists a uniform array of domains (soluble 
macromolecules, indicated by the circles) dispersed 
throughout a continuous medium in which there is dis- 
solved a monomeric species M and if M will undergo a 
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Scheme I 
The Locus Control Concept 

SOLUBLE SPECIES INSOLUBLE AGGREGATE 
ENTERS DOMAIN GENERATED IN THE DOMAIN 

DISCRETE 
DOMAIN 

reaction leading to the formation of the aggregate insoluble 
species I in the domain but not in the continuous medium, 
then one has created a situation in which I must be gen- 
erated in the locus of the domain. Just such a situation 
has been created through the binding of hydrazine, as 
hydrazonium ions, to the domain of polyacids. Thus, when 
selenious acid is added to a dilute aqueous solution of 
hydrazonium polyacrylate or hydrazonium polysulfonate, 
stable colloidal dispersions of red amorphous selenium are 
obtained. The polymer acts to control the particle size and 
number because selenium atoms are only generated in the 
domain of the polymer. 

Experimental Section 
A. Materials. Poly(acry1ic acid) (Polysciences, Inc., mol 

wt 250000, or K & K Laboratories, Inc., 2% aqueous solution) 
was used as received. 

Copoly(styrene-acry1ic acid) ( 6 0 / 4 0 ) ~  was prepared by the 
free-radical copolymerization of styrene (72.8 g, 0.70 mol) and 
acrylic acid (48.4 g, 0.70 mol). The polymerization was carried 
out for 18 h a t  70 O C  in ethyl acetate (480 mL) and was initiated 
with benzoyl peroxide (3.38 g, 0.014 mol). The monomers were 
reagent grade and inhibitors were removed chromatographically 
prior to polymerization. The polymerization wm canied out under 
Ar in a stirred 1-L, four-necked flask. The reaction mixture was 
purged with N2 for 1 h prior to  initiation of the polymerization. 
The polymer was purified by reprecipitation from methanol into 
water. The acrylic acid content was determined to be 38.7 mol 
% by titration with 0.1 N sodium hydroxide. 
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